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In this paper, some notes of the homogeneous balance (HB) method are discussed by a kind of 
general fifth-order KdV (fKdV) equation. Frist, the auto-Backlund transformation and lax repre- 
sents of the higher-order KdV equation(a specific forms of fKdV equation) are obtained by the HB 
method. Then, the connection of the Hirota transformation and the HB method is discussed by two 
specific fKdV equations: the Sawada-Kotera equation and the Lax's equation. At the same time, 
^—1 . the solitary wave solution of the general fifth-order KdV equation is obtained. 

' From 70's, a vast variety of the simple and direct methods to find analytic solutions of PDE have been developed. 
, Recently, the homogeneous balance (HB) method has drawn lots of interests in seeking the solitary wave solution[l] 
' and other kinds of solutions [2] , the solitary wave solution of some nonlinear PDEs[3] have been obtained by this method 
(^JT)' and the relation between the HB method and the CK method or Backlund transformation has been discussed [4]. Then 
^ how doese the HB method connect with Lax pair and Hirota transformation? In this letter, the relation between the 
^ HB method and other methods is discussed by a general fifth-order KdV equation. At the same time, the solitary 
wave solution of a general KdV equation is obtained. 
The general form of the fifth-order KdV is written as 

+ huUxxx + CUxU^x + du^u^ = 0, (1) 

■ where a, 5, c and d are constants. The equation (1) includes lots of equations which have been studied widely [5], 
when the special values of a, b, c, d are set. According to the HB method, first, supposing the transformation of m, 

. N 

^ = ^/«(^(x,t)), (2) 

4=0 

then substituting (2) into (1), and balancing the nonlinear term buuxxx + cUxUxx + du^Ux and the linear term auxxxxx, 
J>. ' N can be decided to be 2, thus the transformation (2) is order to be 

CN ■ " = / + / ^xx- (3) 

O . . . 

QQ Substituting (3) into (1), and collecting all homogeneous terms in partial dericatives of Lj{x,t), we have (because the 
. formula is so long, just one part of it is shown here) 

O ; idirrf^'^ + cf^'^f'^ + M''^"^ + af('^)ul + = 0. (4) 

. ^ Setting the coefficient of cj^ in (4) to zero yields an ordinary differential equation for / 

d{f"ff(^^ + c/(3)/(4) + 6/"/(5) + = 0. (5) 

> 

• ^ Solving (5), the solution of the equation(5) is 

/ = alnu;, (6) 

where a — ^^^^'^ 3-^(2fc+c) — ^oA^ obviously that the parameter a, h, c, d need to satisfy (26 + c)^ — 40ad > 0. The 
solution(6) yields 

.(3) .(4) ^ .(7) f'H5)^_!^f(7) ( f")2 f{3) ^ H7) /7^ 

J J gQ J ^ J J J ^ \j / J 360 ' 

Substituting (7) into (4), formula (4) can be simplified to a linear polynomial of /',/",.■ then setting the coefficients 
of /',/",.• ■ to zero yields a set of partial differential equations for Lu{x,t), 

uJxxt + aujjx = 0, 

-2ujxUJxt - i^tUJxx + {ca - 35a)uJxxxUJ4x + {ba - 21a)ujxxUJ5x - TauJxUJ&x = 0, 

2ujtijj'^ + (210a — 106a — Sea -I- da^)uj^x^xxx + (140a — Aca)uJxio'^xx + (210a — 56a — 'ica)ujx^xx^Ax /o^ 
+ {A2a-ba)Loluj5x^Q. ^' 
(630a - 306a - 9ca + Ma'^)ujl^ + (1260a - 306a - 24ca + 2da'^)uJxOJxx^xxx + (210a - 56a - 2ca)ujluJAx = 0, 
(2520a - 906a - 42ca + %da^)u}lx + (840a - 206a - 14ca -f da^)wxU!xxx = 0, 
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Where the equation LOxxt + cL^ix = which is from the coefRcients of /' is a linear PDE. It's easy to know this equation 
has the travehing wave solution 

=co+cie^(^-''*), (9) 

where cq, ciand v arc arbitrary constants, (3 = ~(^)^- Substituting formula(9) into the set of equations (8), a set 
of nonlinear algebraic equations are gotten. Solving the set of nonlinear algebraic equations, the parameter a, 6, c, d 
need to satisfy the formula 



- 46^ - 86^c - 56c^ - + AQabd + 30acrf + (lOad - - 36c - 26^)^(26 + c)2 - 40arf = 0. (10) 
Then the exact solitary wave solution of the general fifth KdV equation is obtained. 



_ 3coCi(26 + c ± ^(26 + cf - 40a<i)v^. 



(f )3(a;-?)t) 



= ' vv- ' / ^^"^ . (11) 

^/Sd(cl+coe(^)^(^-''*))2 

In this section, by the HB method, the auto-Backlund transformation and lax represents of a special fKdV equa- 
tion[5] are obtained. The fKdV equation is 

_1 _5 _ _15 2_n 

~^xxxxx '^'^'^xxx "^x^xK ^x — 'J) y'-^J 

where a= — |, 6 = — |, c = —5, (i = — Base on the transformation (3), ordering 

= / ^1 + f ^xx + V, (13) 

where is a function of x, t, repeating the step (4)-(7), we yield a set of partial differential equations (14-18) for 

Lo{x, t) and v(x, t) 

- QQvVxOJxx + ^f^xxt - lOWxx^'xxx - 2,Qv'^UJxxx - SOw^x^xxx - 20VxLO4x - ^OvLO^x - W7x = 0, (14) 

GOvVxUjI - SiJxOJxt - ^t'^xx + QQv'^UJxOJxx + ^^'^x'^xx'^xx + lOw^^xxx + ^^VxOJx'^xxx QrX 
XXX + ^QVLOxUJix — 5oJxxx^4x + ^xx^5x + ^(^x^ex — Oj 



4wtw2 _ 30i;2(^3 _ 20ijlvxx - 60Vxl^lu!xx + SOvLOxUll^ - 40vu;lu!xxx - ^l^lx'^xxx + lOl^xl^lxx 
+5u>xi^xxl^4x - llw^WSx = 0, 



2VxUjI + - 2i^x^xx^xxx + W^<^4x = 0, (17) 

and v{x,€) satisfies the equation 

15 15 2 _ 

'Vt ~ ~^xxxxx ~ "^"^xxx ~ SWx^xx Vx — 0, (18) 

which is the same as the equation (12) of u{x,t). Thus, the set of equation (13-18) constitute an invariant-Backlund 
transformation of the fKdV equation (12). Considering the equation (17), the Vx{x,t) can be solved 

/ ,N '^xx 2,U)xU}xx^xxx + '^x'^XXXX (1Q\ 

Vx(X,t) — g , \^^) 

^x 

then integrating the formula (19), we have 

-(^'*) = J#-^ + ^ (20) 

Z OJx 
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where A is a integration constant, here — "^^"^ just is the Schwarzian derivative Sxi^(x,t), namely v{x,t) = 

SxU!{x,t) + X. Substituting the formula(20) and the transformation(13) into the equation(12), the equation(12) can 
be written to be 
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4iOt - uJx{SxUj{x, t))xx - ^uj,,{SooUj{x, t)f - lQ\uixSxu:{x, t) - 30A^ = 0. (21) 

According the cquation(21), which is the form of the Schwarzian derivative of the equation (12), then it's readily to 
obtain the Lax pair [5] 

where 

13 1 
a = \-u, P = -u^x + -u'^ + 2Xu + iX"^ , 'y = --^Px+a, 

Applied the HB method, the Schwarzian derivative forms of some nonlinear PDEs can be obtained, and the lax 
representation of the PDEs can be gotten, such as the KdV, mKdV and the higher-order KdV. 

In this section, the connection between Hirota transformation and HB method is discussed. In 1970's, Hirota 
developed a method to obtain the special solution of nonlinear PDE, namely, Hirota transformation which can 
transform a nonlinear PDE to a bilinear form. For example, the Hirota transformation u = 2{lgf)xx can transfer the 
KdV equation to [Dx{Dt + D^) + A]/ • / = 0, where D is Hirota's binary operator. It's easy to verify that the Hirota 
transformation u = 2(lg f)^^ can be obtained from the HB method. Then can the Hirota transformation of the PDEs 
be obtained from the HB method? In this paper, two special forms of the equation (1) (the Sawada-Kotera equation 
and the Lax's equation) are discussed. The Sawada-Kotera(SK) equation[5] is 

Ut + Uxxxxx + 15uUxxx + 15UxUxx + '^^U^Ux = 0. (22) 

Substituting a = l.h = 15, c = 15, = 45 into the formula (6), the transformation (3) can be written to u = 2{\g f)^,^, 
which is the Hirota transformation for the SK equation. By this transformation the SK equation is transformed into 
bilinear form [Dx{Dt + D^)]f • / = 0. The Lax's equation[5] is 

+ Uxxxxx + lOuUxxx 

+ 2{)UxUxx + 90u\^ = 0. (23) 

By the Hirota transformation u = 2(lga;)a,x) the Lax's equation is transformed into bilinear form [Dx{Dt + D^) — 
^Dt{Dt + D^)]f • / = 0. Substituting a = 1, 6 = 10, c = 20, d = 90 into the formula (6), the constrain condition 
(26 + c)^ — 40ad > can't be satisfied. This means the equation (5) has no real solution, and the real transformation 
(3) is absent. So the HB method is invalid to the Lax's equation, and the Hirota transformation u = 2{lgu})x:x can't be 
obtained by HB method. These results show that the HB method can't be use to obtain the Hirota transformation, 
even in a kind of nonlinear PDE, but for some famous equations(KdV, mKdV, KP, Bugers and etc) the Hirota 
transformation can be obtained by the HB method. 

In summary, a kind of general fifth-order KdV equation, which includes lots of fifth-order KdV [5] , is investigated in 
this paper. The solitary wave solution of the fKdV equation is obtained. The auto-Backlund transformation and lax 
represents (which has been obtain by other methods) of a integrate PDE(the higher-order KdV equation) are obtained 
by the HB method. And the relation of the Hirota transformation and HB method is discussed. 
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